Abstract. We investigated the late-time (asymptotic) behavior of tracer test breakthrough curves (BTCs) with rate-limited mass transfer (e.g., in dual-porosity or multiporosity systems) and found that the late-time concentration c is given by the simple expression C = tad{COg --[mo(Og/Ot)]}, for t >> tad and t• >> tad , where tad is the advection time, Co is the initial concentration in the medium, m 0 is the zeroth moment of the injection pulse, and t• is the mean residence time in the immobile domain (i.e., the characteristic mass transfer time). The function g is proportional to the residence time distribution in the immobile domain; we tabulate g for many geometries, including several distributed (multirate) models of mass transfer. Using this expression, we examine the behavior of late-time concentration for a number of mass transfer models. One key result is that if rate-limited mass transfer causes the BTC to behave as a power law at late time (i.e., c -t-t:), then the underlying density function of rate coefficients must also be a power law with the form ak-3 as a -• 0. This is true for both density functions of firstorder and diffusion rate coefficients. BTCs with k < 3 persisting to the end of the experiment indicate a mean residence time longer than the experiment, and possibly an infinite residence time, and also suggest an effective rate coefficient that is either undefined or changes as a function of observation time. We apply our analysis to breakthrough curves from single-well injection-withdrawal tests at the Waste Isolation Pilot Plant, New Mexico.
adequately explained with conventional (single rate) matrix diffusion [Eikenberg et al., 1994; Hadermann and Heer, 1996] . However, single-rate diffusion is only able to yield a power law of exactly t -3/2 and can only maintain this behavior slightly longer than the mean immobile-domain residence time (t, = a2/lSDa for spheres and a2/3Da for layers), where D a is the apparent diffusivity and a is the half thickness of the immobile domain. Power law behavior such as that observed by Farrell and Reinhard [1994] ; Werth et al. [1997] , or Meigs and Beauhelm [2001] cannot be explained with conventional single-rate diffusion. Jaekel et al. [1996] showed that power law BTCs can result from a pulse injection of solute and equilibrium Freundlich sorption. Unfortunately, none of the three data sets mentioned above are explained by this (the Meigs and Beauheim tracers were nonsorbing, and equilibrium Freundlich sorption is insufficient to explain the power laws in the other data sets ).
The purpose of this paper is to explore the nature of tailing in mobile-immobile (dual porosity) tracer test BTCs for a wide variety of linear mass transfer models. Specifically, we have the following objectives: (1) develop an analytic expression for the late-time BTCs for transport experiencing a distribution of either first-order sorption or diffusion timescales and for both pulse injections and media with nonzero initial concentrations, (2) examine the information that can be provided by the latetime behavior of the BTC, and (3) examine BTCs that exhibit power law behavior at late time and the implications for mass transfer. Particular expressions describing the late-time BTCs for single-rate models with both infinite and finite immobile domains, as well as multirate models with first-order and diffusion rate coefficients defined by lognormal, gamma, and power law density functions, are provided. Implications of the late-time slopes defined by these equations are discussed with respect to mass transfer processes, including implications for 
effective, or kinematic) porosity, c [M L-3] is solute concentration within the advective porosity, and F(x, t) [M L -3 T -1]
is the source-sink term for mass exchange with the immobile (matrix or diffusive) porosity and nonequilibrium sorption sites. From this point forward, we will adopt the terminology of "mobile" and "immobile" domains and concentrations, which refer to either sorption or diffusion. We will employ the uni- c(x = L, t) = --tadF(t).
Note that this expression is valid even if the velocity field is not spatially uniform. From this point on, the dependency of c on x = L and t is assumed implicitly.
Source-Sink Term F(t)
The source-sink term F(t) is the rate of loss or gain of concentration to or from the immobile domain (loss at early time and gain at late time Table 1 . See Appendix B for two notes regarding the use of (12).
At this point we reemphasize the restrictions on (12). These are as follows: (1) Time is much greater than the advection time; (2) the mean residence time in the immobile domain is much greater than the advection time; and (3) time is much greater than the duration of the injection pulse, meaning that an impulse (Dirac) function is a valid approximation to the injection. In a spatially varying velocity field, restrictions (1) and (2) mean that both time and mean residence time in the immobile domain must be much greater than the sum of advection time across a control plane and the standard deviation of that advection time. In particular, a power law distribution of advection times (such as invoked by, for example, Berkowitz and Scher [1997] ) would invalidate the use of (12).
Mean Residence Time in Immobile Domain
One of the criteria for use of (12) •tot It can be shown [e.g., Cunningham and Roberts, 1998 ] that the zeroth, first, and second temporal moments of the BTC are the same for any density function of rate coefficients provided that the mean residence time in the immobile domain is the same.
Therefore the best effective rate coefficient (i.e., the one that yields the same zeroth, first, and second moments of the BTC) is the harmonic mean of the density function, since
Notably, the harmonic mean may be zero for some densi Table 1 .
Late-Time Behavior of BTCs
In this section we will consider a number of examples of BTCs after a pulse injection into a medium with zero initial concentration. Many of the functions developed in this section are summarized in Table 1 [1999] . The method we are using is applicable to both types of density functions, and the key relationships for both are given in Table 1 . Although the early-time behavior will differ between gamma density functions of first-order and diffusion rate coefficients, the late-time slope will be identical for the same value of
Gamma Density Function of First-Order
The gamma density function of first-order rate coefficients is 
The harmonic mean of (26) As with a gamma density function, it is possible to define both a density function of first-order rate coefficients and an 
Approximations (see Table 2 ) may be made to (34) that are useful in understanding what controls the harmonic mean of the distribution. Note again that the mean residence time in the immobile domain is simply the inverse of dH. We make two points in regard to (34) and Table 2 The first scenario is that the BTC behaves as a power law over all time (i.e., the slope of the BTC would be power law to infinite time) and that the slope is less than 3. It is important to note that (1) this is physically possible provided that the slope k is also greater than 2 and (2) several papers effectively invoke case 1 by assuming a gamma density function and finding estimates of r/less than 1 [e. If the slope k is less than 2, then the power law behavior either must end at some time or the slope must steepen to greater than 2. Such is the case with conventional diffusion and a slope of 3/2. Because the immobile domain cannot be infinitely thick, the power law behavior with k less than 2 must end at some time. However, without information external to the tracer test data the time at which the power law behavior ends (and therefore the mean residence time in the immobile domain) cannot be known. It can be seen that both models are very good representations of the SWIW data, particularly at late time. It is worth noting that the parameter r• determining the late-time slope of the BTCs was simply read from the data and not fit. This good representation of the late-time data emphasizes three points: (1) The late-time approximation is a good tool for analyzing BTCs; (2) the approximation does not depend on uniform velocity; and (3) the approximation does not depend on a Dirac injection pulse or negligible dispersion to work well.
Conclusions
With improvements in experimental and analytical techniques, breakthrough curves (BTCs) are now available from many laboratory and field experiments with several orders of magnitude of data in both time and concentration. The latetime behavior of BTCs is critically important for the evaluation of rate-limited mass transfer, especially if discrimination between different models of mass transfer is desired. Double-log plots of BTCs are particularly helpful and commonly yield valuable information about mass transfer.
We have seven primary conclusions. First, we derived a simple analytical expression for late-time BTC behavior in the presence of mass transfer. Equation (12) gives the late-time concentration for any linear rate-limited mass transfer model for either zero-concentration or equilibrium initial conditions. The expression requires the advection timescale, the zeroth moment of the injection pulse, the initial concentration in the system, and the memory function #(t) be known. Note that caution is advised in using (12) if the variance of tad is large (such as in a strongly heterogeneous velocity field). We expect that (12) will be exploited to understand breakthrough curves from field and laboratory experiments, as well as to develop criteria for designing better tracer tests to meet specific goals (e.g., estimating mass transfer rate coefficients). . For some more complex cases (e.g., gamma and power law density functions) the properties of (12) allow certain properties of the density function of rate coefficients to be determined.
